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1. Introduction
1.1. Statement of main results

In this article, we study bilinear Strichartz estimates in the waveguide setting. Con-
sider linear Schrédinger equations on rescaled waveguide R™ x Ty,

tug + Ay yu =0,

(1.1)
U(J?,y,()) = f(xay)v (‘Tyy) e R™ x T;\l

Here Ty = AT is the rescaled tori.
We denote the linear propagator of (1.1) via Ux(t), i.e. the solution u to (1.1) satisfying

u=Ux(t)f.

Our main result is

Theorem 1.1. Consider (1.1). When m = 1,n =1, one has

1 N

1
2
00PN, FUNO Ptz triony S (3 57) Wlelalls 012

When m > 2,n > 1, let d = m + n be the full dimension, one has
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Nd-3  pd-1 2
2 2
IUXE) P FUNO) P29l 2, emx T (0,000 S | =3+ N, 1fllzz, llgllzz -
(1.3)
Here Ny > Ny > 1 are dyadic numbers, and Py is the Littlewood-Paley projection to
frequency ~ N.

Remark 1.2. It remains an interesting problem to further study the case m =1,n > 2.

Remark 1.3. Estimates (1.2) and (1.3) are sharp in the sense that one can construct
examples saturating those estimates and (1.2) can only hold locally even for Ny > Na,
we will present the examples in Appendix A.

As applications of (1.2), one may follow [15] and use I-method of [13] to obtain low
regularity GWP for cubic NLS on waveguide R x T,

{iut + Ay yu = |ul?u, (1.4)

u(a:,y,O) = f(:v,y) € HS(R X T)

for s > %
We take this chance to improve a bit the computation in [15], and prove

Theorem 1.4. Fquation (1.4) is globally well-posedness for initial data in H*(R x T') with
s> 2.
5

Remark 1.5. Since I-method does not capture e loss, (because it is a subcritical method),
our results in Theorem 1.4 also hold for cubic NLS on T2. It is worth noting that
Schippa [30] recently achieved the same low regularity global well-posedness as ours for
the defocusing cubic NLS on a two-dimensional torus by modifying the I-energy through
the resonance decomposition.

We also further study (2k + 1)-th order NLS on R x T

iug + Au = |u|*u, (1.5)
u(z,y,0) = f(z,y) € H* (R x T).

and prove

Theorem 1.6. Equation (1.5) is globally well-posed for initial data in H®, s > 1 — 5%

It is also natural to study the local well-posedness of (1.5) for H*® initial data, s =
Se =1— % Indeed, it has been proved in [37] in the pure periodic case, with natural
extension to (1.5), all (1.5) is locally well-posedness for such initial data. The proof of
[37] relies on delicate atom space techniques, [19,24].
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We want to point out, in waveguide R x T, one can follow more standard Strichartz
space time estimates scheme to obtain a relative simple LWP (i.e. local well-posedness).
The k = 1 case has already been treated in [31]. We sketch the proof for general k for
the convenience of readers in the Appendix B.

1.2. Background and motivations

1.2.1. Bilinear estimates for Schrédinger
Strichartz estimates for linear Schrodinger equations play fundamental role in the
study of NLS. On R, it reads, [7,27],

471 2aps S Iz, (1.6)

i (RIXR)

while on T9, it only holds locally in time and has a N€¢ loss, [4,6],

itA €
=P <. N . 1.7
|| NfHLLf(de[o,l]) ~ Hf”Lg(Td) ( )

tya

Let us focus on the dimension d = 2, where %

= 4, and its associated bilinear
version is a L? estimate, which is the subject of current material.
In [5], Bourgain proves on R2,

Na

1/2
) ezl N> N (1)
1

|2 Py, fe'*2 Pr,gllLz o) S <

One can naturally extends his methods to generalize (1.8) to higher dimensions, see for
example [14].

Estimate (1.8) is useful in the study of nonlinear problems, and in particular can be
combined with high-low frequency cutoff method or I-method to establish low regularity
GWP (global well-posedness), [5,13].

A direct generalization of (1.8) on T? is much weaker than the Euclidean case, one
only has, [4,15],

1”4 P, fe"*2 Prygllez (r2xj0.a)) S Nsllfllzz llgllez, N > Nz > 1. (1.9)

It still beats a direct application of Holder with (1.9), and plays a key role in the local
well-posedness of cubic NLS in H*(T?) with s > 0.

Motivated by implementation of I-method, bilinear estimates have also been studied
in rescaled tori,! [15], it reads as

1 We mention here, the study of bilinear estimates in rescaled tori is related to the implementation of
I-method on non-rescaled tori.
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1
2
[UA(&) Py fUNO) P29 llLz , (T2x(0.17) S N3 (% + %) I fllzzllgllzz, N1 = No > 1.
(1.10)
Here we use U, (t) to denote the propagator of linear Schrodinger on T)% .

The proof in [15] depends on counting, and cannot be generalized to irrational tori.
Via proving a bilinear decoupling theorem following [6], in [18], estimates (1.10) have
been extended to (rescaled) irrational tori.

In this article, we prove analogue of (1.10) on waveguide. Compared to the tori case,
our main estimate (1.2) does not have the NS loss, this is consistent with heruistics that
waveguide behaves better than pure tori (but worse than the Euclidean case.) See also
[42] for local-in-time bilinear estimates on waveguides.

Another point of current article is that when one has at least two directions in R, the
associated bilinear estimates (1.3) are global in time rather than only local in time. Tt
is in some sense no surprising. Indeed, consider the case R? x Ty*, if one does not care

d—3 d—1
about the gain (N2>\ + NJQ\h )%, by applying the Minkowski in all the frequency in tori

directions, and Strichartz estimates in R?, one will be able to obtain some global in time
estimates, (losing are large constant depending on Nj, N3, A). On the other hand, one
can construct f, g, so that for linear Schrédinger equations on R x T, one has

IUX@) PN, FUNE) Pryglizz, ,RxTy x[0,00)) = 00 N1 > Na. (1.11)

See Appendix A for more discussions.

We mention that unlike the pure torus case, the analysis in the current article does not
rely on the rationality of the periodic part. It may play a role if one further investigates
the R x T™, n > 2, cases.

1.2.2. Analysis on wavegquide

As aforementioned, the analysis on waveguide lies somewhere between the case of
torus and Euclidean cases. Our work has been in particular motivated by [31], which
proves that for linear Schrodinger equations on R x T, there holds

HeitAz’nyLi,y’t(RxT><[O,1]) Sz, (1.12)

The main point here is unlike the T2 case, one does not suffer from an e loss in the
(critical) Strichartz estimates, and thus scale invariant. See also [4,29] for scale invariant
Strichartz estimates in the super-critical case.

Roughly speaking, the L* Strichartz estimates on (rectangular) tori, if one follows
the method of counting, [4], it reduces to counting the lattice point in the region {¢ €
Z? | |€*> = N2 + O(1)}, which ultimately reduces to counting the lattice points of
a circle of radius N, whose numbers are bounded by N€¢. The pure Euclidean case is
corresponding to computing the area of {¢ € R? | [¢]2 = N2 + O(1)}, which is simple
one. The waveguide case is in between, and partially makes the associated counting more
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close to the computation of area. We will discuss more heuristic in the proof of (1.2),
(1.3).

From this viewpoint, it remains an interesting and challenging question to study L
Strichartz estimates for waveguide with full dimension d > 3.

2d+4

d
z,y,t

Barron [1] proves global-in-time Strichartz estimates for Schrodinger equations on
product spaces R” x T™ with an additional e-derivative loss via I2-decoupling and Eu-
clidean Strichartz estimates. The e-loss is removed for exponent away from the endpoint.
The estimates are applied to prove small-data-scattering at the scaling critical regularity
for some nonlinear models. (See also [20] for a specific waveguide model: R x T?2.) When
m = n = 1, the waveguide manifold is more special: in [2], the authors prove global-in-
time Strichartz estimates for Schrodinger equations on R x T without a derivative loss at
the endpoint. Compared to (1.12), the main estimate in [2] is stronger since it is global.

Finally, we mention there are stronger version of bilinear estimates in Euclidean
spaces, which is sometimes called bilinear restriction estimates. Let us focus on the
dimension d = 2 for concreteness. Let Q1, Q2 be unit balls (or cubes) of size one in R?,
which are separated by distance ~ 1.

One is interested to obtain estimates

e Py, fe'® Pa,gll iz, S I leellgllr,p < 2, (1.13)

and

1674 Po, fe'** Po,gll g, < 11 fllz211dlle2,q < 2. (1.14)

Note that one main point of (1.13), (1.14) is that p,q < 2. And it can be applied to
study concentration compactness theory, [3].
One mainly refers to [33,34] for sharp versions of (1.13), (1.14) in all dimensions.

It is not clear how to generalize those estimates in the waveguide case, see [16] for
partial progress in this direction.

1.2.3. Nonlinear problems on wavequide

We now give a brief overview for the research line: ‘Nonlinear Schrédinger equations
on waveguides’. This topic has been studied a lot in last decades since it is a hot topic
in the area of nonlinear dispersive equations. The classical dispersive methods and new
analysis tools are combined to investigate this topic.

The waveguide manifolds R™ x T4~™ are a product of the Euclidean space with tori,
and are of particular interest in nonlinear optics of telecommunications. In fact, in today’s
backbone networks, data signals are almost exclusively transmitted by optical carriers in
fibers (a special case of a waveguide). Applications like the internet demand an increase
in the available bandwidth in the network and a reduction of costs for the transmission
of data. The nonlinear Schrodinger type of model is of particular importance in the
description of nonlinear effects in optical fibers.
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As learned from physics, an optical waveguide is a structure that ‘guides’ a light
wave by constraining it to travel along a certain desired path. One interesting feature of
studying the behavior of solutions on the waveguide manifold is that it mixed inherits
properties from those on classical Euclidean spaces and tori, which captures well the
physics behind it. Due to the nature of such product spaces, we see NLS posed on the
waveguide manifold mixed inheriting properties from those on classical Euclidean spaces
and tori. The Euclidean case is studied and the theory, at least in the defocusing setting,
is well established. (See [11,12,17,32] and the references therein.) Moreover, we refer
to [22,25,28,39] for a few works on tori. Due to the nature of such product spaces, we
see NLS posed on the waveguide manifold mixed inheriting properties from those on
classical Euclidean spaces and tori. The techniques used in Euclidean and tori settings
are frequently combined and applied to waveguide problems. We refer to [8-10,20,22,
35,36,23,25,26,38,40-42] for some NLS results in the waveguide setting. We note that,
though scattering behavior is not expected for the periodic case because of the lack of
dispersive, for some specific models of waveguides, scattering results can be obtained as
in the Euclidean. (See [8,20,36] for example.)

[21] studies the asymptotic behavior of solutions to the cubic defocusing NLS posed on
the waveguide manifold R x T™. In particular, they show that the asymptotic dynamic
of small solutions is related to that of solutions of the associate resonant system and, as
a consequence, they obtain global strong solutions with infinitely growing high Sobolev
norms H?.

1.8. Structure of the article

In Section 2, we present preliminary in Fourier transform, (mainly fix a notation
convention), and X*° space analysis. In Section 3, we present the geometric heuristic
for the proof of Theorem 1.1 and then give a rigorous analytical proof. In Section 4,
we present an improved I-method computation, proving Theorem 1.4 and Theorem 1.6.
In Appendix, we show the sharpness of Theorem 1.1 and give a sketch of LWP with
standard Strichartz space time estimates for (1.5).

1.4. Notations

For waveguide, we will usually use n to denote the dimension of R, and m to denote the
dimension of T (or T}), and will generally use d = n + m to denote the full dimensions.
We will typically use z = (x,y) to denote a point in the waveguide, where x € R™ and
ye ™ Tm.

We say A < B if there exists some C so that A < CB. Wesay A 2 Bif B S A.
We say A ~ Bif A< B and B < A. We use usual Lebesgue spaces LP and LYLY, and
Sobolev spaces H*®. In addition, (a) :=1+ |a|] and a+ :=a + e with 0 < e < 1.
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We use P¢n to denote Littlewood-Paley projection to frequency < N, and we define
Py = P¢n — ng, i.e. Littlewood-Paley projection to frequency ~ N. A more detailed
explanation is as follows.

We define the Fourier transform on R™ x T™ as follows:

(FI)E) = / f(2)ei=Edz, (1.15)

R xTm™

where £ = (1,82, ...,€4) € R™ X Z™ and d = m + n. We also note the Fourier inversion
formula

fH=c ¥ [ En@eti. e, (1.16)

(€n+la-“7§d)EZm(£17___’£n)e]Rn

For convenience, we may consider the discrete sum to be the integral with discrete
measure so we can combine the above integrals together and treat them to be one integral.
Moreover, we define the Schrédinger propagator e**2 by

(Fe"£) (&) = eV (Fp)(6). (1.17)

We are now ready to define the Littlewood-Paley projections. First, we fix n; : R — [0, 1],
a smooth even function satisfying

m() = {1’ |§: ’ (1.18)

<1
Z 2,

0, 1€

and N = 2/ is a dyadic integer. Let n = R? — [0, 1], n(&) = n1(61)m1(&2)m1(&3)--m (€a)-
We define the Littlewood-Paley projectors P<y and Py by

FPen§)© =1 (5 ) FUNE. €crx 2™, (1.19)
and
Puf=Penf-Peyl (1.20)

For any a € (0, 00), we define

Peo:=Y» Py, Psg:=)Y_ Pu. (1.21)
N<a N>a
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2. Preliminary
2.1. Fourier transform in the waveguide setting

We quickly recall the Fourier transform in the (rescaled) waveguide case. There seems
to be different conventions of (equivalent) definitions. We mainly follow the presentation
in [15].

For notation convenience, we will sometimes treat T as [0, 1], (and accordingly, T as

[0, A]).
Let Fourier transform on R™ x Ty be defined as follows,

fo=Ene= [ e (21)
RmxTy
where z = (z,y) € R™ x T} and £ = (§1,&2, -, §m+n) € R™ X Z7 .
If one further defines the integration? on R™ x 77 /) as
1
JEGLSIES DS | f@dde. @)
(fmﬁ-lf" 7£m+n)€Z?/)\(£1,... 7§m)€Rm

With those notations, one has, as usual,

2 Part of the integration is really discrete summations.
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(1) Fourier inversion formula

=% X | e, (23

G 8B rge, G )R

(2) Plancherel identity
11l 2 (®mxTp) = ||f||L2(Rm,XZ?“)- (2.4)

(3) Convolution and multiplication under Fourier transform

F9©) = Fxd(6) = / £ (€~ ) (dn), - (2.5)
]RT"'><Z§L/A

2.2. X spaces and transference principle

Following [4,5], one may define X*® norm as

lull o = [1{m = €1%)°4€)*all 2, (2.6)

where u = u(z,t) is a function defined on R™ x T} x R, and z € R™ x T{,t € R. And
(&, 7) is the space-time Fourier transform of u, where £ € R™ x Z?//\, T €R.

And X*? spaces are just all those functions with finite X*° norm.

In practice, one mainly works on s > 0,b > %

One key property for X*° space is that inherits the estimates of linear solutions, [5].
In particular, Theorem 1.1 implies

Lemma 2.1. Let b > 3, and uy,up € X%*(R™ x T} x (—o00,00)).

Forn=1,m =1, one has

1
1 No\?2
IPvn Pratliz, @eraso S (543 ) Tallxoslllsos @)

Forn >2,m>1, one has

1
Nd73 Ndfl 2
[ Prnyur Pryuzllrz sy x(0,00)) S ( 2)\ + ;[1 lurllxoelluzllxoe, — (2.8)

where N1 > Ny > 1.
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Fig. 1. The region z2 4+ y?> = N2 + O(1) and the lines y = n,n € Z.

3. Proof of Theorem 1.1
3.1. Geometric heuristic

In this subsection, we first briefly explain the geometric heuristics for Strichartz es-
timates on T2 [4], and R x T [31], and then illustrate the heuristics for our estimates
(1.2).

Let C n, C2, v be the optimal constant for Liz Strichartz estimates on T2, and Rx T,
respectively. Thus

”eitAPNf”Li{z(T?><[0,1]) <Oy N fllze (3.1)

€2 Py fllLs . ®xTx(o,17) <Can | fllzz- (3.2)
The bound of C; y is essentially counting the numbers (ny,ns) in Z?2, such that
ni +n3=N?+0(1) (3.3)

Note that this gives an annulus of radius N, but thickness ~ % Thus, if the counting of
numbers is like computing area, this should give a bound ~ 1. But one cannot exclude the
possibility that there are many lattice points on some circle® n?4+n3 = R, R = N2+0(1).

In the situation of waveguide, to bound Cs y, one is essentially counting the total
length of all the intervals which is the intersection of the line y = n, for some n € Z,
with the region 22 + y? = N2 + O(1), see Fig. 1.

Note that the vertical distance of those intervals is 1, thus the total length of those
intervals is essentially the area of the annulus, (which is ~ 1), with an error bounded by
the length of longest interval.

3 This also explains why a direct counting argument on irrational tori cannot work, since one needs to
count, for example, nf + 'yng =N?2 4 O(1), ~ irrational. In this case, one cannot reduce such a counting to
finite many circles nf + 'yng =R, R=N?+ O(1).
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4

A\
NN
NN
NN
NN
NN

—\

Fig. 2. The bound of C3 n,,n, in geometry. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

But it is elementary geometry for an annulus of radius NV, and thickness %7 the longest

length of such interval can be at most /N x % ~ 1.

This has been made rigorous in [31] and bounds Cy x by a constant independent of
N.

Now, let C5 v, n, the optimal constant such that

1
IUA®) Py fUNE) P29z, RxTaxp0.1)) S C5 o, 1 22 llgll 2 (3.4)

Then, one may follow [4,5], to reduce the bound of Cs n, n, to 3 total length of all
the intervals in the shaded area in Fig. 2.
Here, O is original point, the blue part is a circle of radius N, centered at origin. The
1

red part is an annulus of radius Ny, thickness - And the intervals in the shaded area

are obtained by intersect line y = %, for some n € Z with the annulus, (we use (z,y) to
denote a point in the plane.) Note that the vertical distance of those intervals is %

The bound of C3 n, N, basically follows from three facts,

(1) The area of shaded part is bound by %—f

(2) The total length of those intervals multiplying % is bounded by the area of shaded
part with an error bounded by % multiplying longest length of such intervals.

(3) As aforementioned, for an annulus of radius Ny, and thickness N%, the longest length

of such interval can be at most , /Ny X N% ~ 1.

This will give our desired bound.

For the case R? x T, restricted to time interval [0, 1], we need to bound the % total
areas of the all intersections of planes which are of the type {z = %}, k € Z, a ball which
is of radius Ns and a spherical shell which is of radius N; and thickness N% Similarly,
the largest area of such intersections is at most 1, and the volume of the intersection of

the ball and the spherical shell is ~ ]]\\;—22
1
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When we consider the case m > 2,n > 1, we will fix d — 3 components, and reduce
the counting problem to R? x T case. Each component contributes No choices, so the
final bound is (5 + %—%)N;‘y’. If we restrict to the long time interval [0, T, the analysis
is similar, and we will see that why we need at least two directions in R.

We mention that the parallel counting problems in the pure torus case have been
studied in [15].

We now turn to more rigorous analysis.

3.2. Proof of estimate (1.2)

When N ~ Na, estimate (1.2) follows from Strichartz estimate on R x T in [31].

We now focus on the case N7 > Ns.

We follow the argument in the proof of Proposition 3.7 in [15] to reduce (1.2) to a
measure estimate problem (or counting problem).

Let ¢(7) be some nice function with ¢(¢) > 1 on [-1,1], and supp ¢ C [—1,1].

By Plancharel’s theorem,

|UN®#) P, f - Ux(#) P,y gl 2 (R x T x [0,1)

S (ngS(t)UA(t)Ple) : (a(f)U/\(t)P%g) l22R)L2(RXT})

- / (= I 2)e(r? — [n?[2) P F ()

n=n'+n>,
r=11472

x Py g(?)(dnh)a(dn?)adrtdr?
L2(R)L3(RXZ1)»)
= [ A P P P (), ,

n=n'tn? L2(R)L2(RXZ,,»)
(3.5)

where 5 € S is defined by

o(r' = In'))(r* — [?P)dr'dr® = 6(r — |n'[* = ),
T=11472

and it is easy to check that supp(¢) C [—1,1].
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Using Cauchy-Schwartz and the definition of Py,

S — n'12 — 11%1%) Pr, £ (n) Py g () (dn ) A (d?) n

:,,714’,,,72
1/2
Mo | [ P PR P P @ |
n=n'+n?
where
1/2
Y 12 o 5P ls—=|? 1 2
M(n,7) = O = ' [2 = 1?2) | Pado| | Padol (an)a (i)
an=n'-+n?
1/2
S L pnte— (2 <y (7o ) (dn ) a(dn?)a
n=n'+n?,
[n'|~N1,|n°|~Na
So we could bound (3.5) by
1/2
M(n,) / o(r = ' > = 1)L D) PGP (dn')a(dn?)
a=n'+n? r2pe
Tn
1/2
SIM (0, 7)||Lee Lo / o(r = [n' P = 1) M P[G0?) 1P (dn)a(dn®)
n=nt-+n2
SIM(n, 7l ree [l 229l 2
To get
1N 1/2
M oo oo < - h—
P e
it suffices to prove the measure estimate
1 Ny

[{€ € R X Zapn: €] ~ Moy [I6F +In =& =7 < | S 5+

27,2
L2L2
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for any fixed |n| ~ N1,7 € R.
We now fix n = (n1,72) € R X Zy 5,7 € R with |n| ~ Ny, and define

C={6€R X Zyy: €|~ No, ||€]* +|n— € — 7| <1}

Let’s first analyze the value range for the real or discrete component of & when the
other component is fixed. We claim that when |n;| ~ Ny, (3.6) holds. Fix & = (£, &) €
C,soif & = (&,8) € O, then

6] + 1 — € = €7 = In = €'P| <2

that is
(61 =& +& —m)| <1,
SO
1
_g <
|§1 gll ~ Nl .
Thus

/ Lo(€)d

RXZl/A

S // Lig,eecy(§1)dg (3.7)

|€2| SN2
<N

The above arguments also hold when |ns] ~ Ny and A = N;. Now we suppose that
A < Ny, and we assume 72 > 0 and 72 ~ N7 without loss of generality.

We hope to clearly indicate the value range of & when & = % € Zy is fixed. For
this purpose, we define

|n]?
e

NS

for k € Z, then

C= (U Ck) (Ml ~ Na},

keZ

where
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1 k
<77 = 5 (>
X A}

so we only need to consider k that satisfies [k| < ANy and i > —1 for estimating |C].

_ _ m|?
Cr =48 E€ERXZyy: ’51*5 — Ik

Through direct calculation and 7y ~ N1 3> Na, we see that {su}x<an, 18 almost an
arithmetic sequence, that is

Ny
Pkt = pi ~ > 1,

so there are at most O(1) k’s such that |pu| < 1, then

> =

UCkS

k:fpe]<1

Now we only consider k’s that satisfy pg > 1, for these k’s,

1 1 m 1 1 k
= RZ:——g‘——g V2 &y =~ o,
Ch {6 ER X Zyyx: (1 2)2 &1 -5 (e + 2)2 3 A}
thus we can directly estimate
-1 -1
|Ck| ~ A" gy, 2.
There won’t be many k’s due to |&1] < Na. Let
ko = min{k € Z : Cy [ {I¢] ~ No} # @, i > 1, [k S AN},
and
ky = max{k € Z : C [ [{I¢| ~ N} # @, x> 1, [k] S AN2}.
If kg = k1, then we have
k}l 1
DGk S Ayt ST (3.8)
k=ko

Now we assume ki > kg. Then there holds

= o+ | N {Jla - Bl s M 200 i=o

thus
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SO

1
Hkey — Mk 5 NQ:U']?;I'

When pr, < pk, — Hi,, then we get

so we could estimate

When pig, > fky, — kg, by (3.9), we get

ANy L
ki —ko < N —~ Py

thus

Z|ck|< Z)\ u,ﬁ SATHEy — Ko+ 1)y

k= k:() k= k()
< I N 2
~ A 1
The proof of (1.2) is now complete. O

3.3. Proof of (1.3)

It suffices to show that, for any T > 1, there holds

|Ux(#) P, f - Ux(t) PNy gl 2 R < Ty x [—7,7)

1
S (KA N1, N2))2 (1 fll Mgl ze-

17

(3.9)

(3.10)

(3.11)

Similar as the proof of (1.2), we only need to prove the measure estimate, that is, for

fixed |n| ~ N1, 7 € R,

T / lo(&)de < 1+ Ny NE—3
T NyT) 2 7
RmxzZm?

1/

and equivalently,
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1 N2
<[+ 2 -3

where

1
o ={ecrmx 2y ilel ~ NalleP + - - 7] < 7 }.

The later argument is very similar to the previous one in the proof of (1.2), the
difference is that, we will reduce the estimate to R x Z case with some more stronger
assumptions, and so the proof relies on m > 2. We will clearly see this in Case 2(a).

Case 1. N; ~ Ns. It suffices to show that

Nd2

<
o152

Note that m > 2. it is easy to see that
m 72
H(flyfz) eR?: )|§1 - §|2 + 1€ — )

holds uniformly for all ¢ € R, thus

cas [ JEREGIE

[(€55 ,€a) SN2 (€1,62)€ER?

Case 2. N1 > N,. Similarly, we only need to consider the case when A < NiT,
and we assume that gy > 0 and g ~ N1 > Ns. In this time, m,--- , 7, € R and

Nm+1s° " s Nd € Ly)x-
Case 2(a). m = 2,n = 1. Define

2 2
U

k n3 T
4 2

WZ‘%‘?

for k € Z, then

- (U ck) et~ v,

keZ

where

Ck—{gewxzm “51 e B <

753 k}

Like (3.12), |Cy| has a bound that |Ci| < 5. We only consider |k| < AN, and we have
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Ny S 1
HE+1 — Mk b\ T

then

U o 5%.

IMISIES

Now we only consider k’s that satisfy py > 10%. Note that at this time, the following
holds

i=1

2 2 N
Ck:Ckm<U{§€R2le/)\5§i_% >4T1}>,

by symmetry, we only need to consider Cy [ {f ER? X Zqy: |§1 -4 ? s 4%}
Fix & with |&3] < Nz, now how we analyze the value range of (£1,£3) is similar to

. L 2 .
m = 1,n = 1 case, but there is a new restriction ’51 - > 4%, so we will get a better

estimate.
Define
2
i (€2) = pw — ’52 - % ,
2 1
Cilee) = {(6n. &) e Rx Zupn: | = 2 - el < g
mpPE_ Nk
‘51 Y > 47,53 = X}’
ko(§2) = min{k € Z : Cp (&) [ [{I(€1,6)| ~ No} # 2, [k S ANa},
and

k1(€2) = max{k € Z : (&) [ J{I(€1, &) ~ Na} # @, [k| S AN:}.
Note that we now have 11, (€2) > 381, and for k € [ko(&2), k1(&2)], there holds

N, 1
f i1 (&2) — p(€2) ~ <>

and

[N

C(&)] S (WD) ™ (i (&2)) 2.

If ko(&2) = k1(&2), then we have
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k1(€2)
Z |G (€2l S OAT) ™ (W () (€2)) ™

k=ko(&2)

1

l\)\»—t

<

Now we assume k1 (§2) > ko(&2). Then for ¢ = 0,1, there holds

[(H’k (&) (&2) — 21T>é ; (ML(@ (€2) + %) :

thus

1 1
1\:2 1\2
(M;ﬁ(&)(&) - 2T> - (U%o(@)(ﬁz) + 2T> S N,

SO

1
ey () (62) = Mo (62) (€2) S Na (g, (£5)(62)) 2 -
When M%O(&)(&) S M;ﬁ(&)(&) - M;go(gz)(@)a then we get

ANZ

k1(82) — ko(§2) S N,

then

ki(€2) k1(&2)

S oICk&l S DD (D) M (&)

k=ko(&2) k=ko(&2)

k1(&2)

S D T (e (€2) + (k — Ro(@) )

k=ko(&2)
Na

< .
~ N T

When N%O(gz)(&) > M;ﬁ(&)(&) - M;CO(§2)(§2)7 by (3.14), one has

[N

#21(52) (§2) — Mko(gg) (§2) S (ﬂko(gz) (€2))

SO

bal2) — ko(€e) S 22y e (62

thus

(AN1)=T

{’51 ’ |§1|<Nz}7'é

(3.13)

(3.14)
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k1(&2) k1(&2) L
S ociEl s YD D) Mty en) ()7 E
k=ko(&2) k=ko(£2)

~ (k1(&2) = ko(&2)) (1 (er) (62)) 7

< No

~ N T

Anyway, we have

k1(&2)

> ICH&l S

k=ko(§2)

1 n N
(ANy) 2T NiT’

So there holds

2.

kEZ:;Ak>10%
=D DR B AT RSP AT
€Ly <N,

k1 (€2)
< S [ChE)las <

|62 | SN, F=ho(82)

Ckﬂ{§€R2 X Ly - ‘51 - 772—1 i >4%}ﬂ{|§| ~ N2}

N LN 1 N
(AN)ET | NT AT~ N T

Case 2(b). m > 2,d =m+n > 4. Fix & with |§;| < Na, i =3,--- ,d—1, then we may
consider (&1, &2,&4) similarly as in Case 2(a).
The proof of (1.3) is now complete. O

4. Proof of Theorem 1.4 and Theorem 1.6

We will focus on the proof of Theorem 1.4, and Theorem 1.6 follows in a similar way,
and we will summarize its proof in the last subsection.

4.1. Setting up and a recap of I-methods

It is by now standard to apply I-method, [13], to obtain low regularity H* GWP for
(1.4). We will mainly follow the presentation® in [15], but we will improve the compu-
tation there to obtain a better range of s. We will focus on the different part of the
computation, but only sketch the part which are similar.

4 Strictly speaking, we are working on R x T rather than T2, but the schemes are same. We also have
slightly better bilinear estimates, but I-method does not capture € improvement (or loss). Our better range
of s comes from improve the computation in [15].
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Recall (1.4) conserves its energy,

E(u) := / %|Vu|2 + i|u\4. (4.1)

Similarly, one also defines the energy E(u).

The I-method, [13], also referred as almost conservation law, is to study modified
energy E(Iyu), where Iy = my(D) is a multiplier operator, where, my (&) = ¥(£/N)
and 1 is a smooth function with

1, if |§| <1,
P(§) = 4.2
© {w-l, it ¢ > 2. 4.2)

We note that I is a smoothed version of Pgy.

It is easy to see my sends H® to H', thus E(Iyu) is well defined for H* functions.

In implementation I-method, one will indeed study (1.4) on R x T},
iug + Au = |ul?u, (4.3)
u(x7y70) = f(flj,y) € HS(R X T)\)

The following proposition has been proved in [15], and can be line by line extended
to the R x T case, (for convenience, we only state the R x T version),

Proposition 4.1 (/15]). Let s > 3, 1 < A S N,0 < t < 1, let u solve (4.3), ||IuHX1,%Jr <1,
then

1
Ey\(Inu(t)) — Ex(Iyu(0)) < Ni= (4.4)

By using standard local theory and choose A ~ N =, one obtains H*® (s > 2) GWP
for (1.4) by iterating Proposition 4.1 N1~ times, we refer to [15,13] for more details.

In current article, we will prove

Proposition 4.2. Let s > %, 1< A~N*<SN,0<t <1, letu solve (4.3), ||IuHX1,%Jr <1,
then
< 1
E,\(INU,(t)) —E)\(INu(O)) ~ N1+%7. (45)

By taking o = a(s) = 152, ie. A ~ N5 asin [15], one obtains H* (s > 2) GWP.
See Step 3 in the proof of Theorem 1.2 in [15] for more details on how to obtain such an
index from Proposition 4.2. The result can be line by line extended to the T? case.

It remains to prove Proposition 4.2. Since N, and A will be fixed throughout, we short

IN,mN as I,M.
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By plug in equation (4.3), one may follow the arguments in [13,15], to derive that
E(Iu(t)) — E(Iu(0)) is bounded by the following two terms,

Try / / ( plie Lo 5@4)) AT (61) Tt () T (€) Tu (€1),
(4.6)
Try = / / (1 mEe bt ot S0 (e T eo) Tu (60 T ),
where Ty = {(51752,...,54) ERXZ) &1 +&+ = 0}.
It has been proved in [15] that
Trs| < ﬁ (4.7)
Thus it remains to prove, given [[Tul ;1 $1
1

As usual, one may localize each term in T'r; at some dyadic frequency N;, then sums
up. Parallel to (4.37) in [15], in our case, we need to prove

‘// 1f 52“3*54) )ﬁ(&)@(@)ﬁ(@&(@

m (€3) m (&4)
(4.9)

4
- M _
Nm maX{(N1N2N3N4)O 5 (EN3N4)O } ||¢1HX—1,1/2+ U H(bi”x1,1/2+ 5

where ¢; is localized at frequency (&;) ~ N;, where N; > 1 is a dyadic number.

We note that in (4.9), when (N1 NoN3N,)°~ dominates, one sums via Minkowski, and
when (%N3N4)O_ dominates, one sums N3, Ny via Minkowski, and sums N, Ny by
Cauchy, (the main part is N7 ~ No.)

One may assume Ny > N3 > Ny by symmetry, (the complex conjugacy will not play
a role in the rest part of the proof).

We will still use Tr; to denote the integral on the LHS of (4.9).
Estimate (4.9) will be analyzed in the Subsection below.

4.2. Proof of main estimate (4.9)

One needs to discuss several different cases.
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4.2.1. Case 1. N > Ny
In this case, by the definition of m, one sees the LHS of (4.9) is zero, and (4.8) holds
trivially.

4.2.2. Case 2. Ny 2 N > N3 > Ny

Following [15], observing in this case Ny ~ Ny, and using |1 — m(52+52+53)| < N3 gne

m 52) ~ Ng
obtains
N3
Tr| S - llo1eslizz,  lld2dallzz, (4.10)
) o,
i.e. (4.40) in [15], and they further estimate this via
NO-
Tr| S =91l -y« o 106l 1.y (4.11)
We do slightly better here.
By applying (2.7), one further estimate (4.10) via
N3
Tr1] S X2 gagallis. dsduallza.
) @,
(4.12)

SN (1 N 1 NN\ N
M\l N
SN (A+N1) (/\+N2) NaNsN, Novo v 19l - g+ icallill 34

Since Ny ~ Ny, one has

1 1/2
Ny /1 N3\2/1 Ny Ny 1 1 Nj 1 Ny
— |-+ = -+ — < - -4+ — . (4.13
Ny ()\ + N1> (A + N2> NoN3sNy ™ NaNy ()\ + N2> (A + ) ( )

The RHS of the above is monotone decreasing in Ny, and 1 < Ny < N3. Thus, (note
also A ~ N® < N < Ny), one estimate (4.13) by

1

1 /1 N;\2 1 e

— “2) = < NOFS) (N Ny N3N, ). 4.14
N2<A+N2> S 2 (1234) ( )

This gives our desired improved bound.

423 Case 3: N2 > N3 Z N
Following [15], we will need two facts,

m(&2 + &3+ &) < m(&1)

_ m(&)m(&)m(&s) | ™ m(£2)m(£3)m(£4) (4.15)
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e« Forp>1-
L <y (4.16)

mIEr ~ .

Similar to (4.10), one now estimates, via (4.15),

|Tr1| <

We again apply (2.7), and obtain

3
2=

S -
e >(1+$;i{{%‘°;:%ﬁ)2(i+ﬁ;)2 .

4

|p204 2

ta,y

|p103 2

ta,y

3

Ny
N3

S

(
m(Nz)m(
(
(

m(Na)m

Ny

S CESTE | (R

1 1
In (4.43), (4.44) of [15], the authors estimate (% + %)2 (% N %)2 as 1,
(up to some extra e loss since they are in the torus), and then estimate (4.18) via

1 1

W(N1N2N3N4)0*. Thus, when % < %, by plug in (% + %)5 (% n N_;l)g <

A=z, and follow [15], the desired estimate will follow.
When %—‘2* > i one estimate as

Nl

m(Ny) (1 min{Ng,Nl}) (1 &)i N,
m(N2)m(N3)m(Ng) \A = max{N3, N1} A NzJ N2N3Ny (4.19)
< m(Ny) (& 1 N
Nm(Ng)m(Ng)m(N4) N2 N2N3N4.
Using (4.16) and the fact TZL((JJ\G—))];[V%: < 1, one estimates
2 2
(Nl) &)% Nl

m(Ng)m( ) (N4) N2 N2N3N4

_m(Ny)N; 1 L N 1 1 (20)

7n(N2)N2 Na2m(N3)NI= Nyt No™ N2 (ng) NI '

1 Ny, 1

<SNS—— (=)t —.
~ Ng+(N2) NI

which gives the desired bound.
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4.8. The general case, proof of Theorem 1.6

The general case follows in a similar way, and this time one needs to prove

5 SR ==
/ / ( 2H & Saira) b1 (1) 2 (§2) 93 (€3) - - - Par+2 (€2k+2)
m (&) -+ m (Eont2)
0 Tapq2
1 2k+2
S ——— (NiNaN3 -+ Nap2) ™ (|1l 1124 H 16ill x1.1/2+ 5
N i=2
(4.21)
where ¢; is localized at frequency (&;) ~ N;, where N; > 1 is a dyadic number, and

Ny > N3 --- > Napyo, and all the ¢;, 1 > 4 will be estlmated via Ltoow, which is bounded
by its X12* norm by Sobolev embeddmg.

Note that in both cases, (1.4), and (1.5), we get the same estimates on the rescaled
waveguide (4.5) formally with a(s) := ﬁ, just regarding (1.4) as a special case
of (1.5) by taking k = 1. In addition, (4.5) holds for (1.5) at the range of s > 1 — 3=

However, after undoing the scaling, we use (4.5) to iterate constructing the solution of
2(1 S),,

(1.5) on [0,T7], and get ||u(T)||ge S Cna for T < N '~*~% . This leads to the range
of low regularity s > 1 — 2 GWP for (1.5).

One subtle thing here is now the crude bound (4.15) will be replaced via

- m(&a + - m(&anr2)) 1< m(&y)

m(&) - -m(€(2k +2)) ~ m(&) - m(&,) (4.22)

Unless there exists 4 < jo < 2k+2, such that N;, 2 N > Nj; 41 (with a little abuse, when

Jo ~

jo =2k + 2, Nogio 2 N > Nojpyo represents the case No > N3 > -+ > Nopio = N).

~

This part will need extra treatment.

1 1
Through a rough estimate (l + %) ’ (% + %) : < 1, one now estimate via

A

( ) 2k+2
e 6165l 26l z, TI I6ilozs
I m(y,) =5
j=2
m(N; )N~ 1 1 NO+ 1 k42
<My RSV | R

m(No)Ny ™ m(N3)N3~ Ny T2, m (N;) No™* Ng™

=2

1ONOF 1 2k+2

/\JN2_ N0+ NOJ,. ||¢1HX 1,1/2+ H Hgb’i”lel/?-Fa
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1
provided that s > 1 — 5.

N3, Ny, ..., Nogya, and sum in N; and Ny after applylng Cauchy-Schwarz to those fac-

The factor ]IXO: NOF allows us to directly sum in
tors.
Data availability
No data was used for the research described in the article.
Appendix A. On sharpness of estimates (1.2), (1.3)
A.1. Sharpness of the local-in-time bilinear estimate

We first take some examples to show the sharpness of the local-in-time estimate

NUN#) PNy f - Un(8) Py gllne e <y xj0,1)) S (K (A N1, N2)) 2 [ fl|z2lgl 22, N1 = Na,
(A1)

where

K(\ Ny, No) = —aVt
(A, N1, N2) {N{\B_FNJQ\[ll’d?S'

These examples essentially appeared in [18]. Since we are in the waveguide case rather
than pure tori case, we present the examples below for the convenience of readers.

We take
DOP @)= [ emekeig,,
[(€2,,€a)| SN2,
[§1—N1|~N2
and
DOPwgla) = [ e Emig,,
[(§2,+,€a)|SNa,
[€1]~N2

then [Ux(t) Py, g(x)| 2 N for (x,t) € B = {|a| < 7, [t| J\}; }, and [Ux(8) Py, f(2)] 2
Ng for (z,t) € A = {|(x2, - ,2a)| S E,|x1 —4rNit| < NL2,|t| < Nig} Note that
|[ANB| 2 W, so (A.1) reduces to

14Vo

that is
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d—1

N.
K(\ Ny, Ny) > —2
(, 1, 2)N Nl

When m = n = 1, we consider
UsOPy f() = [ e meligg),,
[€1]51,
§2=N;
and
UsOPwglo) = [ emine g,
l€11<1,

§2=N>

then [Ux(t) Pn,g(2)| 2 5 and [Ux(t) Py, f(2)] 2 5 for (z,t) € {Jz1] $ 1,22 € Ty, [t] S 1},
so (A.1) reduces to

A2 S (KA Ny, N2))EA Tt
that is

K(AaNlaNQ) Z

> =

When m > 1,n > 1,d = m + n > 3, we consider

DOy S = [ e,
I(gla"' 1§d—1)|sN2’
£a=N1
and
DOPvga) = [ @mreimig),
[(§1,+,€a—1)|ST,
£a=N2

d—1 d—1
then |Ux(t) Py, g(z)| 2 23— and |[Ux(t) Py, f(z)| 2 22— for (z,t) € {|(z1,-- ,2a-1)| S
NLz,xd € Ty, |t < NLZQ}, so (A.1) reduces to

d+1
2d—2- 941

s A2 < (K (A Ny, No))E NEIAL

that is




Y. Deng et al. / Journal of Functional Analysis 287 (2024) 110595 29

A.2. Global-in-time bilinear estimate cannot hold for m =1,n > 1

We prove in this subsection, for waveguide with only one R directions, and N7 > N,
one can construct f,g € L2(R x T{) so that

1Ux() P, fUN(E) Prygll L2 R x T x[0,00)) = 00, N1 > No. (A.2)

Note that, when there is no periodic part, in 1d Euclidean case, one does have global
bilinear estimates

i i -
%% P, £'52 Pragllnz ey < ()" 21112z Nz

On the other hand, it is not hard to see, in general there cannot hold
||€itARPslf@mRP@gHLgm(RxR) <0 (A.3)

for all f, g Schwarz.

From this perspective, in the case R x T, the frequencies of f and g may concentrate
on Z% part, thus the assumption N; > N> can not ensure frequencies of f and g on R
be separated.

For simplicity, we consider the case R x T, and the other cases are similar.

Let

UA(t) Py, f(z) = /meﬁmf”%ﬂ%@@nwah

&2=N,

(A.4)
jx-&—|27E |2t ~
UsOPvgla) = [ emine e d),
§2=N>
where ¢ = P<1(e’y2), one observes
1UA () Py FUA(E) P, gll L2 ®xTg x0,00]) ~ 1€2% @)1 74(R x [0,00])- (A.5)
It suffices to show that

iRy LA(Rx[0,00]) = OO .

e A" | (A.6)

It follows from that [e?"®®p(z)| > t~2 when |z] < oG for t > 1.

Appendix B. A sketch of LWP for (1.5)

Weﬁxkandalsoﬁxs:sczl—%.
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By [31], one has

1" Py flle, , @xTxj0,1) < IPw S22 (B.1)

Note that by Sobolev embedding

€2 Py fllLse,  ®xTxo.1)) < NPy fllz2- (B.2)

t,z,y

By interpolation, one has

”eitAPNf”Lfy’“myy(RxTx[0,1}) < N?||Pw fll e (B.3)
Thus, one has
I Fll s, @rspoy < 10V) Fllze. (B.4)

Based on above estimate, one may prove LWP of (1.5) under norms ||(V)* f|| 4

ta,y’

[ fllLsemr= and || f[[ La , by Picard iterations.
Let [[fllx :== (V)" Fllzs, , + W fllegeme + [1F ]| Lo

t,x,y t,x,y

We list the needed estimates below, and leave the rest to interested readers.

(1) For linear solutions, one applies

1fllx S W f1e- (B.5)

(2) For Duhamel part, one applies, (dual estimates),

t
I [ 93P S IV) Pl gy (B.6)
0

(3) And, finally, nonlinear estimates

k k
)l ull s pavs S TV ulzy,  NullZie - (B.7)

t,x,y
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